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Theme

ASS increments and associated dynamic properties are

transported across the boundary of a variable mass
system, and this complicates the derivation and 1nterpretat10n of
equations of motion. Of course, various formulations of variable
mass dynamics exist in the literature and in standard texts.
However, ad hoc methods are generally applied to the transport
problem, results differ greatly in form and complexity, and the
origin and significance of variable mass pecuhar terms is often
not clear.

In this paper, a general transport rule is applied as a contri-
bution toward unity and clarity in variable mass dynamics.
Also, results are obtained in forms similar to familiar constant
mass relations. These forms aré convenient for analysis or
simulation and for evaluatmg the relatlve significance of varrable
mass peculiar terms.

Content

Background: Figure 1 illustrates a general system in which
Am is an increment of mass m enclosed by arbitrary control
surface S of volume V. Often, S corresponds to the exterior of a
vehicle. Frame A is an inertial reférence system -with orlgm at
point A, frame B is an arbitrary reference system with origin at
point B, and frame C is parallel to B centered at instantaneous
center of mass C. Point B may or may not be fixed relative fo the
rigid structure of a vehicle. Various position vectors are defined in
Fig 1. Among these, 7. = r¢@, = (1/m)[, T dm locates the center
of mass relative to point B. Dyadic Ip= Imf,c,e,,em = {, ¢ 7E
—7F) dm specifies the inertia of the system about B in terms of
the unit dyadic E. In these relatlons, the convention is to sum
on repeated dummy indices. ~ -

A dot is employed to indicate a time derivative. A superscript,
as.in 7 = di/dr* and in 8 = d1,/de5 s used to indicate the
referenoe frame of a vector time derivative. If % is an arbitrary
vector and @ is the angular veloc1ty of frame B or parallel frame
C relative'to A, then

WA = WP 4 & x W 1))
WA=WE+ 2B x WP+ & x (@ x W)+ &% x W @)

Translational and rotational differential equations are ob-
tained by integrating Newton’s laws of motion over the mass
increments of a _ystem. Results are as follows, in which Fis net
external force, My is net external moment about pomt B; and
% =74 is the inertial velocity of Am

I : (d"v/dt“)dm:f (3)
[ ! ’

@

These relations are valid for constant or for variable mass
systems but are not convenient for analysis or simulation due

j @d/dtYF x T dm = T x mﬁ’g + M,
v
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Fig. 1 General system.

to the location of the time derivatives interior to the volume
integrals.

" General Transport Rule: Let  represent any set of tensor
components associated with Am. For example, if ¢ = 1, then
YAm = Am is an increment of mass. If y =7, then YyAm = 7Am
is a vector representing the three components of an increment of
linear momentum. The general transport rule, in derivative
form, is expressed in Eq. (5). Here, m, is the mass per area per
time transported across AS, positive for efflux

j (dy/dt) dm = (d/dt) f Ydm + f v, dS
14 1 4 S

This relation provides a rule for extracting the time derivatives
in Egs. (3) and (4) and. for performing several other useful mani-
pulations related to the transport of dynamic properties as
detailed below.

Translational and rotational motion equations: To obtain trans-
lational motion Eq. (6), apply the transport rule with ¢ =7 to
Eq. (3) and use the continuity relation obtained by substituting
¥ =1 in the transport rule. Substitute 3 = T + 74, let i represent
the velocity of Am relative to AS at the surface, and let 74 be the
inertial velocity of AS relative to B

nivh = F — (d/dt*) J #dm — j (4 + Ty, dS (6)

The transport rule with =7 is used to derive the identity
expressed in Eq. (7)

©)

(d/dt‘)f FAdm = nird + i + i
14

+ (d/dt")J Ty dS. @)

Substitute this relation in Eq. (6) with ¥ 7 oA+ 7é to produce
an alternate form for the translational motion relations
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nivg = F — fiife —

— (d/dt*) J Fh, dS
N

- J G4+ dS  (8)

The origin and significance of the i and 274 terms in
Eq. (8) is often questioned. The transport rule, as expressed in
Eq. (7), shows that these terms involve nothing more than an
alternate representation of the rate of change of internal linear
momentum.

To obtain rotational motion equation (9) apply the transport
rule with =7 x # to Eq. i4) Use 7 =72 + & x 7, identify
the inertia dyadic lp, and let Hp = [, 7 x r" dm represent system
angular momentum relative to frame B

@+ & x (15 @)+ B &+ Hff = ~F¢ x mR3

+M’B_I?< xnmsds—f?'
) S S

- J"r” x @ x Py dS  (9)
S

7B mdS

If center of mass C is used as the basic reference point in Egs.
(9) and (10), C replaces B, p replaces 7, and terms containing p
are zero. In general, of course, point C moves relative to the
rigid structure of a vehicle due to internal rearrangement or
transport of mass across surface S.

Various definitions of jet damping appear in the literature.
In this paper, -4 ]Ct damping dyadic is defined ‘according to

= [s(*'*7E — 77)m,dS. Then, the jet damping moment
M‘ ) = — (¢ X (@ x 7y, dS = — Dy @ represents the rate of
transport of angular momentum across S due to rigid body rota-
tion. In these terms, Eq. (9) is written

- *B+a>x(|3 @) + (i§ + Dy): &+ Hp

—Te X mRB+MB—jr X UmydS
s

_ f 7 x ¥ dS (10)
N

Here I8 is due to internal rearrangement or transport of mass
across S and may be positive or negative. Dyadic Dy is due to
mass crossing S and is positive for efflux. The followmg fact is
often not recognised. The part of i8 due to transport is exactly,
and in all cases, annulled by D. To show this, apply the transport
rule of Eq. (5) with y = ¢ -7E — 77).Obtain

i5 + DB = J (d/dtB)(’ FE — 7)) dm 11

Equatlon (1 1) establishes a useful simplification for externally
variable mass systems, defined as conﬁguratlons for which
internal relative motion of mass increments is negligible. For
example, consider ablating systems and vehicles driven by small
peripheral rockets. In thls case, the (IB +D B) @ term in Eq. (10)
is negligible.
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Translational equations (6) and (8) and rotational equations '
(9) and (10) are convenient for the analysis or simulation of
variable mass systems. Inertial time derivatives are used in (6)
and (8) because translational equations are most convemently
1ntegrated in inertial coordinates. Relative time derivatives are
used in (9) and (10) because rotational equations are most
conveniently integrated in body coordinates. In a general simula-
tion, translational and rotational relations are integrated simul-
taneously along with kinematic differential equations and per-
haps with additional motion equations derived from appropriate
subsystem models. External force F and moment M, include
any force or moment due to pressure or inertial forces on sur-
face S due to material exterior to .

General rocket vehicle: Assume that all transport occurs
through a system of n rocket nozzles characterized by: effective
locations 7,, and p,,, and velocities 74 and 2, relative to points B
and C. Let % u . represent the eﬁ"ective jet velocity at a nozzle and
define m; as the associated mass rate, negative for efflux.

Then, translational motion equation (8) assumes the followmg
form: -

. — n no n
mivg = F + Y gm; + Y200m; + Py (12)
i i i

Rotational motion relation (10) is written
5@ + @ x (I @) + (i + Dg)- & + Hyt =
-7 meB+MB+Zr X Ui

n . o
+ YT, XFem — Y | (F —TF.) x Wi, dS
- A

i JS
-y f F —7.) x 7PigdS  (13)
i Js
In which
- Z_fei X (65 X —fei)mi

+ iJ‘ (G 791:) X (@ x 7, dS (14)
iJs

Certain symmetry is required for the integral terms to be zero.
These terms may be non-zero if there is ordered swirling at a
nozzle exit plane. Equations (12-14) provide a convenient
basis for evaluating the significance of variable mass peculiar
terms on the basis of relative magmtude, symmetry, or uni-
formity. The inertia rate dyadic i§ and the jet damping dyadic

D are not, in general negligible However, as explained
previously, the dyadic sum (i + Dj) is negligible to the extent
to which the vehicle can be modeled as an externally variable
mass system. Finally, for a symmetrical rocket and steady flow,
in the absence of, internal moving parts, the relative angular
momentum term Hj' is usually negligible.



